The Mott effect describes the dissolution of bound states in a dense partially ionized plasma. It happens when the ionization potential depression, owing to effects of correlation and degeneracy, compensates the binding energy of the bound state. At high densities and moderate temperatures, the Pauli blocking becomes important and influences significantly the degree of ionization in the region of degenerate plasmas. A quantum statistical approach is used where the total density is decomposed in an uncorrelated, "free" part and correlations, as a consequence of the cluster decomposition of the self-energy. The contribution of correlations to the total density is given by bound states and continuum correlations. Exact solutions for a separable potential are compared to perturbation theory and numerical solutions of the in-medium Schrödinger equation. The inmedium scattering phase shifts are evaluated, and the role of continuum correlations is discussed. The Pauli blocking of bound states and the density of states are considered for warm dense matter conditions.
I. INTRODUCTION
Warm dense matter (WDM) [1] is an interesting region in the phase diagram of Coulomb systems, consisting of electrons and atoms in different states of ionization, at high densities (total ion densities n a ≈ 10 21 − 10 25 cm −3 ) and not too high temperatures (T ≤ 10 3 eV) so that strong correlations and electron degeneracy are relevant. Matter under these conditions exists in astrophysical objects like planets or stars, but is also produced under laboratory conditions using pulsed power, high-power optical and free-electron-lasers or other methods of high-pressure experimental technique. To describe the properties of WDM, concepts of plasma physics (such as the model of the partially ionized plasma (PIP)) and condensed matter physics (such as Thomas-Fermi model or density-functional theory (DFT)) have to be extended beyond the limits of their conventional validity.
In detail, the PIP model is valid in the low-density limit where the plasma is described as a mixture of electrons (e) and ions (i) with different degrees of ionization (Z i ) including neutral atoms (Z i = 0), which are found in different states of excitation. Charge neutrality is assumed so that for a single-component plasma of the element a with charge number Z of the nucleus, n total e = Zn total a holds. This gives for the free electron density n e the relation n e = i Z i n i , where n i is the density of ions with charge number Z i . Correlation between these plasma constituents are considered as weak, the formation of higher aggregates such as molecules or clusters may be included. An interesting quantity is the ionization degreeZ = i Z i n i /n total a which describes the average number of free electrons per atom. The DFT model which is well-known in condensed matter physics is based on a mean-field concept where the electrons are treated quantum mechanically. The ions are considered as classical particles which may be strongly correlated as calculated by molecular-dynamics (MD) simulations. The electron correlations are treated in some approximation, using appropriate functionals for the energy density. There are recently intense work to improve both the PIP and DFT models to work out an approach to WDM which implements also these different limiting cases.
A quantum statistical approach [2, 3] is needed. As a fundamental relation, we have the equation of state which relates the total densities of electrons n total e and nuclei n total a to the temperature T = 1/(k B β) and the chemical potentials µ e , µ a , 
with the spectral function A e (1, ω). The single-particle states are denoted by wave number vector and spin, |1 = |p 1 , σ 1 , Ω is the system volume, andf e (ω) = [exp(βω − βµ e ) + 1] −1 the Fermi distribution. A corresponding relation holds also for n total a . Both the variables µ e , µ a are related to each other because of charge neutrality. From the spectral function another interesting quantity is obtained, the density of states (DOS) D e (ω) = Ω −1
1 A e (1, ω)/2π. We use the method of Green functions [2, 3] which is based on perturbation theory, starting from free particles. Partial summation of Feynman diagrams is necessary to implement the effects of correlations. In particular, we consider a separable potential approach [4] where the explicit solution of the in-medium Schrödinger equation is available, see [5, 6] for the treatment of Pauli blocking in the electron-hole system and in nuclear matter. As alternative, pathintegral Monte-Carlo (PIMC) simulations [7, 8] are applicable for strong correlations. However, it is restricted to the region of high temperatures and high densities because of the the fermion sign problem.
In this work, we follow Ref. [9] and analyze some concepts of the PIP which become problematic when describing high-density plasmas. In particular, we investigate the effects of degeneracy of the electrons. A gas of free fermions is degenerate if Θ = T /T Fermi = (2m e k B T / 2 ) × (3π 2 n e ) −2/3 ≤ 1. Then, instead of the Boltzmann distribution, we have to use the Fermi distribution f e (p) =f e (E p ) with the free dispersion relation E p = 2 p 2 /2m e . For the ideal fermion gas, the chemical potential µ e is related to the density n id e = (1/Ω) P f e (p) [free fermion spectral function A id e (1, ω) = 2πδ(E p − ω)], where with P = {p, s} the spin summation is included. Chemical equilibrium between the different components of the PIP is expressed as relations between the respective chemical potentials µ i , see Ref. [9] . In particular, the composition of the PIP model is given by a coupled system of Saha equations, where in a plasma the free dispersion relation E p is replaced by the quasiparticle dispersion relation E quasi (p) (including the mean-field energy shift). The ion densities are
(ion mass M ) with the generalized Beth-Uhlenbeck formula for the intrinsic partition function, see [9] ,
The chemical potentials µ i refer to the ground state of the ion with charge Z i e. Different channels γ (spin, angular momentum) for excitation of the ion are considered, the excitation energy E i,γ,ν contains the intrinsic quantum number ν which covers the possible bound states as well as the scattering states, expressed by the scattering phase shift δ i,γ (E). In chemical equilibrium the relation µ i = µ i+1 + µ e + I i holds, where the ionization potential I i is the lowest excitation energy of the ionic ground state (E i,0 ) to become ionized, i.e. −I i is the ground state energy of the ion a i relative to the continuum edge of a i+1 + e. Compared to the isolated ion, in dense matter the energies E i,γ,ν are modified (quasiparticle energies) because of mean-field shifts, correlations, and effects of degeneracy [9] . In particular, the ionization potential I [10] [11] [12] [13] [14] [15] [16] show an increasing interest in this quantity. Different many-particle effects contribute to the medium modification of the IPD, see [9, 17, 18] Whereas (Debye) screening is a well-known concept in plasma physics, Pauli blocking is less known. It is a consequence of the antisymmetrization of the fermionic wave function or the Pauli principle. A single-particle state cannot be occupied by more than one particle. A well-known example is the ground state of the ideal Fermi gas where all energy eigenstates below the Fermi energy are single-occupied. An additional particle can be added only in the phase space outside the Fermi sphere, see Fig. 1 . With respect to the formation of bound states, phase space must be available according to the bound-state wave function ψ(p) in momentum space. In a dense, degenerate system, the momentum states within the Fermi sphere are already occupied and cannot be used to form the bound-state wave function (Pauli blocking). As a consequence, the bound state energy cannot take its minimum value as in free space, but is shifted. As directly seen from Fig. 1 , this shift is depending on the center-of mass momentum P. The overlap of the free bound-state wave function with the Fermi sphere and consequently the deformation of the bound-state wave function in dense matter is a maximum for P = 0.
II. CORRELATIONS AND DEBYE SCREENING
In a dense medium, the properties of the free single-particle states as well as of the bound states are influenced by the medium. A systematic treatment of medium effects is obtained from Green-function theory [2] , where the spectral function A e (1, ω), Eq. (1), is related to the dynamical self-energy for which a cluster decomposition can be performed. With the self-energy, the quasiparticle concept can be introduced, as well-known in condensed matter theory. As a result, the in-medium Schrödinger equation (or Bethe-Salpeter equation, BSE) for a few-particle system is obtained after partial summation of ladder diagrams. We consider the in-medium two-particle problem [20] which is relevant for the excitation of the ion a i and the ionization a i a i+1 + e
with the effective interaction
V ai+1,e (q) = −Z i+1 e 2 / 0 q 2 is the Coulomb interaction, and
is the Bose distribution function. Correlation effects are described in the low-density limit by the Debye screening, corrections are obtained if higher order Feynman diagrams are taken into account [2] . In Debye approximation, the shift of the charged-particle energies is ∆
, and the Coulomb potential is replaced by the statically screened interaction V Debye ai+1,e (r) = −Z i+1 e 2 /(4π 0 ) exp(−κr), with the Debye screening parameter κ
In the region Θ 1, we can solve the BSE (4) neglecting the effects of degeneracy (Fock shift and Pauli blocking). The shifts of the bound state, charge Z i e, and of the continuum edge of free states because of ionization into the ion with charge (Z i + 1)e and the electron, charge −e, leads the the IPD in Debye approximation
Extrapolating this low-density result to higher densities, the Mott point where the ionization potential becomes zero (the bound state merges with the continuum of unbound states) is given by ∆I
i . As example, in this work we discuss carbon (Z = 6) at high densities/high temperatures where the only bound state to be considered is the ion C 5+ formed by the nucleus C 6+ and an electron. The critical value for κ of the Debye potential where the bound state disappears follows as κ The Debye theory cannot be applied to these high densities, in particular the screening by the ions is overestimated. The ions are strongly correlated, and alternative approaches such as the ion sphere model predict a weaker dependence on density. Improvements for the contribution of correlations to the IPD, valid also for classical, high density plasmas, are given by Stewart and Pyatt [21] , see also [18] where the ionic structure factor is included. We will not discuss correlation effects including higher order Feynman diagrams here any more, see [22] , but focus on the effects of degeneracy.
III. PAULI BLOCKING AND PERTURBATION THEORY
As before, we take as example a carbon plasma which is the nearly fully ionized so that only the process C 5+ C 6+ + e is of relevance. To investigate the effects of degeneracy, i.e. Pauli blocking and Fock shifts, we simplify the two-particle equation (4) . The ions are considered as non-degenerate so that their contribution to the Pauli blocking term is dropped. In addition, we replace the dynamical screening by a statically screened (Debye) interaction V scr C 6+ ,e (q) and introduce the quasiparticle shifts ∆(k) [9] ,
In adiabatic approximation, the motion of electrons is separated from the motion of ions. More systematical, we introduce Jacobian coordinates, the center-of mass momentum P and the relative momentum p rel . We use a separation ansatz for the wave function ψ 5+ n (p, k) = Φ n (P)φ n (p rel ). The center-of-mass motion is given by a plane wave. In limit m e M where p rel ≈ p, we obtain for the relative motion
so that E
Fock e (p) contains, in addition to the correlation part (which can be taken as Debye shift or its improvements), the Fock shift of an electron with momentum p,
For the continuum edge of free (scattering) states, the contribution of the Fock shift ∆ Fock e (0) is given by the value at p = 0. Considering the bound states, the ions C 5+ , of the in-medium Schrödinger equation (8), two contributions arise owing to the electron degeneracy: the Fock shift (10) which modifies the kinetic energy in the Schrödinger equation as well as the Pauli blocking term in front of the interaction potential. Within a consistent approach, both terms have to be taken into account because they are of the same order of density and partially compensate each other [2, 20] .
In contrast to the Debye shift which is momentum independent and may be transposed to the chemical potential, we have to solve the in-medium Schrödinger equation (8) which depends on T and n e via the Fermi distribution function. This will be done in the following sections IV and V. Here we shortly recall the perturbation theory [9] .
The unperturbed solution of the hydrogen-like system C 6+ + e is well known. We find the ground state solution E 
Near the Mott condition where the bound state merges with the scattering states, the bound-state wave function approximates the free one so that the Fock shifts of bound and scattering states have nearly equal values. Then, they will not contribute to the shift of the binding energy which is the difference between the bound state energy and the continuum edge of free (scattering) states. We will not consider these contributions any further in this work, see Ref. [9] for evaluation. Within perturbation theory, the Pauli blocking shift is given by
Within this work, we analyze this expression and compare it with more rigorous solutions of the in-medium Schrödinger equation to show the limits of validity of the result (13) 
IV. SEPARABLE POTENTIALS A. Solution of the in-medium Schrödinger equation
The solution of the Schrödinger equation or the related T-matrix becomes simple for separable potentials V sep (p, p ) = −λ/Ω w(p)w(p ) (the channel with zero angular momentum is considered). According to a theorem of Ernst, Shakin and Thaler [4] , local potentials can be expanded in a series of separable potentials.
We consider the Coulomb interaction (Rydberg units) V C 6+ ,e (q) = −6e 2 / 0 q 2 = −48π/q 2 (nuclear charge Z = 6 for carbon). The ground state wave function (11) and the binding energy are reproduced with the separable potential, cf. Ref. [5] for the electron-hole system (for nuclear matter this Yamaguchi potential is extensively investigated, see Ref. [6] and further references given there),
The inclusion of medium effects is simple. The energy eigenvalue follows from the solution of Eq. (9). Considering only the effect of Pauli blocking (the self-energy shift can be added to the kinetic energy p 2 in the denominator), we have to solve 8 3π ∞ 0 dp p
Because the blocking term with f e (p) is dependent on T, µ e , the solution E sep 0 also depends on T, n e . The result for T = 100 eV is shown in Fig. 2 . It is not very different from the result of perturbation theory.
The in-medium ground-state wave function is also immediately obtained,
The Fourier transformation gives the wave function in position space representation,
All expressions are simplified for T = 0 where the Fermi distribution function becomes the step function which jumps from 1 to 0 at the Fermi momentum p F = (3π 2 n e ) 2/3 . The medium modification of the ground-state normalized wave function is shown in Fig. 3 at T = 0 as a function of the free electron density. With increasing density, the well-known wave function for the localized hydrogen-like ground state becomes oscillating (Friedel oscillations) approaching the free s state at the Fermi energy in the high-density limit. An important feature of the separable potential is that also the scattering states are immediately obtained. This allows to implement the continuum correlations. For the potential
we have
The scattering phase shifts follow from
As example, they are shown in Fig.  4 for the free electron density n e = 10 scattering states to the spectral function and the partial densities cannot be neglected. A similar behavior was also obtained for nuclear matter [23] . Note that we can also consider finite Debye screening which modifies the separable potential (because it is constructed to reproduce the bound-state wave function), but the general qualitative behavior of the wave function in position space as well as in momentum space is not changed if screening is taken into account.
B. Density of states
The density of states is related to the spectral function A e (1, ω) and the self-energy Σ e (1, z) according to
The self-energy follows from the T-matrix as
where Ω µ (z ν ) are bosonic (fermionic) Matsubara frequencies, 2 denotes the quantum state of the ion (momentum k and spin). We consider here only the contribution owing to the electron-ion interaction, the electron-electron interaction gives no bound state and is well investigated for plasmas elsewhere [2, 8] .
The electron-ion interaction can be treated in different approximations, neglecting ion-ion correlations or taking into account ion-ion correlations as ionic structure factor, and accounting for the motion of the ions or treating them in adiabatic approximation.
As before, we consider a separable potential, Eq. (14), where the solution of the Schrödinger equation can be given explicitly. Considering independent interactions with the ions, we have after introducing total (P = p + k) and relative momenta (p rel = (M i p − m e k)/(M i + m e )) for the T-matrix (spin variables define the channel γ)
(we used P = P and the adiabatic approximation p = p rel , k = P in the last term); ion-ion correlations are neglected. The spectral representation of the T-matrix reads
The summation over Ω µ in Eq. (22) can be performed with
In the low-density limit, the Bose distributionĝ ei (ω) containing µ i + µ e can be neglected. Neglecting Pauli blocking in the low-density limit, with the C 6+ − e interaction we have (Rydberg units)
where
Now we can evaluate the DOS using (21) . The ReΣ e (p, ω) is obtained from the Kramers-Kronig relation, taking the Hartree-Fock shift into account. If we use the expansion for small ImΣ e (p, ω + i0), see, e.g., Refs. [6, 9, 24] , we have a first contribution originated from the single quasiparticle contribution ("free" electron density). The correlated part
with the principal value P needs some care treating the behavior at ω = E e (1) (the singularity is regularized). The bound state contribution is not influenced by the singularity, with
2 the integrals over p, k can be performed. The result is
(with the carbon ion mass M ≈ 12000 going to Rydberg units). We find with θ(x) = 1, x > 0, θ(x) = 0, x < 0:
which gives a broadened peak near ω = −36 = −490.5 eV with the width of about 1 eV at T = 100 eV, n e = 10 25 cm −3 . A better approach should not only consider the inelastic collision of the electron with the ions, but it has take also into account the ionic structure factor.
For the contribution of scattering states we have to consider the singularity at ω − E e (1) = 0. We have D scat e (ω) = 8n i 3π 1728 p 2 dp
We consider the following decomposition to regularize the integral: In the integral expression, we replace d e (ω) 
C. Many-ion system
The independent interaction with single ions is not sufficient to describe WDM. Instead, we have to consider multiple scattering at all ions, at positions R i (in adiabatic approximation the ion configuration is fixed). To introduce the ion distribution, we perform the translation of the non-local potential
with the ionic structure factor S ii (q). The Schrödinger equation (Rydberg units) reads
More general, λ and w(p) may also depend on the ion position i. For the separable potential (18) we find
where for the C 6+ ion λ = 16π/3 and a Z = 1/6 holds. We find ∞ 0 p dp
With these matrix elements, we solve the equation for c i,ν . The N i energy eigenvalues E ν follow from |δ ij −a ij (E ν )| = 0, and the corresponding eigenvectors c i,ν determine the corresponding wave function. For periodic ion configurations, the band structure is obtained. In particular, for a sc lattice we have the solution c i,ν ∝ e ikν ·Ri with k ν being a vector of the reciprocal lattice. The bandwidth follows from the solution of
Calculations for C at 50 g/cm 3 (lattice parameter 1.39 a B ) gives the bandwidth W = 26.53 eV, and for 20 g/cm
3
(lattice parameter 1.887 a B ) we find W = 1.79 eV. For disordered systems with the distribution of R i according to the structure factor S ii (q), one has to solve a matrix equation.
V. NUMERICAL SOLUTION OF THE PAULI BLOCKING SHIFT
We come back the the screened Coulomb potential with the Debye screening parameter κ, Eq. (6). We present numerical solutions of the hermitean form of the wave equation (9) 2 2m e p 2 ψ herm 0
With a small value of κ we avoid the singularity at p = q (the infinite-range Coulomb potential, where phase shifts cannot be introduced in the standard way, is replace by a finite-range Debye potential). As example, we choose κ = 0.5/a B as a formal parameter (it corresponds to n e = 7.08 × 10 22 cm −3 at T = 100 eV). The solution of the Schrödinger equation for Z = 6 without Pauli blocking gives the ground state energy E 0,0 = −412.949 eV.
To find the ground state energy and wave function for arbitrary T, n e taking Pauli blocking into account, an eigenvalue problem was solved after discretization of Eq. (38) in momentum space. The effect of Pauli blocking leads to the energy shift shown in Fig. 2 for T = 100 eV as function of the free electron density n e . It is a little bit smaller compared to the perturbation theory because the deformation of the wave function is taken into account, what leads to a lower energy eigenvalue as known from variational calculations. In addition, numerical solutions for the scattering phase shifts and the related quantities as discussed above for the separable potential may be obtained for the Debye potential, but this goes beyond the scope of the present work.
VI. CONCLUSIONS AND OUTLOOK
Our main issue was to improve the PIP model taking scattering states into account, what is performed by decomposition of the density into an uncorrelated part and a correlated part, i.e. a cluster decomposition of the density as function of the chemical potentials and T . In addition, we calculated the effect of Pauli blocking which is essential at high densities where the electrons become degenerate. A perturbative treatment was compared to a numerical solution and an analytical approach based on the separable potential approach. The latter can be used to find explicit solutions for the density of states, including the contribution of scattering states.
We focus in this work on the effect of Pauli blocking. Additional effects described by the in-medium Schrödinger equation (4), (8) are discussed in Ref. [9] . With the present contribution, we intend to derive results for the Pauli blocking which go beyond perturbation theory as used in [9] .
Controversies such as the treatment of the K-edge shifting in strongly degenerate systems [25, 26] , where µ e ≈ E F , may be resolved within the quantum statistical approach. The optical response function should be calculated taking into account the contribution of scattering phase shifts, see Fig. 4 and Ref. [23] . For the strongly degenerate electron gas, bound-state like contributions do not disappear if the bound state merges with the continuum of scattering states. At zero temperature, bound-state like correlations in the continuum give a significant contribution to the correlated density, see Fig. 4 .
For the Pauli blocking, the phase space occupation in Eqs. (4), (8) was taken according to the ideal Fermi gas. Within a self-consistent approach, the phase space occupation should be given by the spectral function to be calculated. The modification of the single-particle occupation numbers in phase space because of correlations has been considered in Ref. [6] .
An alternative approach to WDM is given by the density-functional theory [13, [27] [28] [29] where the single-particle density of states is evaluated. In Ref. [30] , orbital-free molecular dynamics is performed, and the sensitivity of the equations of state, obtained there, to the choice of exchange-correlation functionals is investigated. There is no simple relation between DFT calculations and the PIP model, because the DFT approach considers electrons moving in a mean field like uncorrelated quasiparticles. Correlations such as multiple occupation of a given ion are not included in these considerations. In contrast, the Hubbard model which describes electron-electron correlations beyond a meanfield approach, can describe the different occupation numbers of ions. It is problematic to perform DFT calculations in the low-density region where the plasma is described adequately by the PIP model and the Saha equations. DFT calculations may become relevant in the high-density region where all electrons are nearly free so that a mean-field approach with appropriate approximations for exchange and correlation energy density is justified. Work in this direction is in progress [31] .
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